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1 Introduction 

This is a third part of our work devoted to the conformal, homothetic and isometric 
Killing symmetries in hyperheavenly spaces. In the first part [1] the nonexpanding hy- 
perheavenly spaces have been considered and in fact, that part is the generalization of 
the work by Finley and Plebahski The Killing symmetries in expanding hyperheav- 
enly spaces have been presented in our second paper [3] which can be considered as a 
development of the ideas and results given by Sonnleitner and Finley [4]|. Namely, in our 
work [3] the nonzero cosmological constant A has been included and some more compact 
classification of the Killing vectors has been done. 

The current paper is a continuation of [T] and a generalization of the outstanding 
work by Finley and Plebahski [5j. Here we present classification of the homothetic and 
isometric Killing vectors in nonexpanding hyperheavenly spaces. We show how to use 
the general results to classify the homothetic Killing vectors in heavenly spaces. Such a 
classification together with different types of the reduced heavenly equation (admitting 
at least one homothetic Killing vector) has not been considered by Plebahski and co- 
workers (isometric Killing vectors in heavenly spaces has been found in [5]). Moreover, 
we have been able to obtain some Lorentzian real slices. This last result follows from the 
previous considerations in such a natural manner that it seems to be very promising in 
the solution of a long studying fundamental problem: how to find a Lorentzian spacetime 
from a given complex spacetime. 

The generalization of the heavenly spaces, i.e. hyperheavenly spaces were discovered 
by Plebahski and Robinson in 1976 [6] - [7]. In the late seventies and early nineties 
many papers devoted to this spaces were published. Structure of the heavenly [8] - 



[TT] and hyperheavenly p[2] - [IS] spaces, especially in the spinorial formalism has been 
investigated with details. General properties of the Killing spinors [I6] and two-sided 
algebraically degenerated hyperheavenly spaces [IT] have complemented the image of the 
complex general relativity. 

The most important question: how to use the complex solutions of the Einstein field 
equation to obtain solutions of the real spacetimes with Lorentzian signature still remains 
without answer. The theoretical properties of such a slices have been presented in |18j . 
Different approach [TO] used the connection 1-form to assure the existence of the real 
Lorentzian slices. The difficulties in obtaining the real solutions with the Lorentzian 
signature were the main reason, why the complex relativity theory seemed to be of a 
little interest in nineties. 

Recently some compendium of the hyperheavenly spaces has been presented |20j . 
Results from [17] was used to obtain the special form of the hyperheavenly equation 
determining all [N] ® [N]-type spaces with nonzero twist [21]. Although obtaining the 
real spacetimes with Lorentzian signature is a very difficult task, the real spacetimes 

with ultrahyperbolic signature (+ H ) can be obtained very easily. That is why 

hyperheavenly machinery appeared to be useful tool in Walker and Osserman spaces 

[22], [23]. 

The problem of Killing symmetries given by the set of equations V(a-ft'f,) = X9ab in 
nonexpanding hyperheavenly spaces was presented in [2] and then in [1]. In [13] the 
nonzero cosmological constant A and nonconstant conformal factor x was introduced. In 
the present paper we show how to classify the Killing vectors in nonexpanding hyper- 
heavenly spaces. Moreover, some new, more compact way of reduction of the Killing 
equations to one master equation is found. 

In the present paper we use the following terminology. Equation V(a-ft'fe) = Xdab is 
called the conformal Killing equation and its solution K the conformal Killing vector. If 
X = Xo = const then we deal with the homothetic Killing equation and the homothetic 
Killing vector. Finally, if x = we have the isometric Killing equation and the isometric 
Killing vector, respectively. 

Our paper is organized as follows. In section 2 the general structure of nonexpanding 
hyperheavenly space is presented. We recall the form of the hyperheavenly equation, 
connection forms and curvature. In section 3 some final results, especially the form of 
the master equation and the transformation formulas are presented. Section 4 is devoted 
to the classification of the isometric and homothetic Killing vectors. Some examples 
of the nonexpanding hyperheavenly spaces admitting isometric, null Killing vector field 
are given. One of them appear to be a complex extension of the pp-wave. Finally, the 
Lorentzian real slice of the hyperheavenly space of the type [N] ® [N] is found. In section 
5 we show, how to use the results from the section 3 to describe the homothetic Killing 
symmetries in heavenly spaces. Moreover, the classification of such symmetries is explic- 
itly given. Detailed reduction of the Killing problem for the expanding hyperheavenly 
spaces are done in section 6. Concluding remarks end our paper. 

Our work give some new hope of positive results in so called Plebahski program, 
namely: how one can generate real Lorentzian metrics from holomorphic ones. Until 
now, that step seemed to be very complicated. The simplicity of obtaining the real pp- 
wave from the complex solution shows, that in appropriate coordinate frame Lorentzian 
real slice could be found very fast. Application of this statement to the expanding hy- 
perheavenly spaces, especially of the type [N] ® [N] will become one of our main research 
program. 
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2 Hyper heavenly spaces. 



2.1 General structure of hyper heavenly spaces. 

l-CH-space with cosmological constant is a 4 - dimensional complex analytic differential 
manifold Ai endowed with a holomorphic Riemannian metric ds'^ satisfying the vacuum 
Einstein equations with cosmological constant and such that the self - dual or anti - self 
- dual part of the Weyl tensor is algebraically degenerate [HI H |T2] . These kind of spaces 
admits a congruence of totally null, self-dual (or anti-self-dual, respectively) surfaces, 
called null strings |9]. In this paper we deal with self-dual null strings. Coordinate 
system can be always chosen such that T422 = ^424, = [7], the surface element of null 
string is given by Ae^, and null tetrad (e^, e^, e^, e^) in spinorial notation can be chosen 
as 



-dp"^ + Q^^ dqs 



'V2 



9 A 



{2.1] 



V2- 



where 



(9 



AB\ 



V2 



(2.2) 



and Q^^ are holomorphic functions. Spinorial coordinates are coordinates on null 
strings given by = const. Define the following operators 

d 



_d_ 
dp'' 



d 



A ._ 



dp^ 



(2.3) 



They form the basis dual to (e^, 



B 



d4 
d2 



9. 



_d_ 



-Qa^^^b 



(2.4) 



-BA 



Spinorial indices are to be manipulated according to the rules qA = ^Ab 1 1b ^ 
Then, the rules to raise and lower spinor indices in the case of objects from tangent space 



-BA 



read = E^^ , dj^ 
are spinorial Levi-Civita symbols 

(Gas) := 



1 
-1 



^B ^ ' 



-AB\ 



-BA 



S . As usual, Eab and G 



AB 



-AB) 



1 
-1 



-AB\ 



(2.5) 



^ ^AB 

^AC^ = Oc , 



AB 



1 
1 



The metric is given by 
ds 



1 



s s 2 s 



-2 



-dp^^dq^ + Q^^ dqx(^dq^) (2.6) 



The expansion 1-form which characterises congruence of self-dual null strings is defined 

by m 



Consequently, we can consider two cases 



dp. 



dq^ 



(2.7) 
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• ^7 = 0—7-^ = and such a space is called nonexpanding T-fH-space (in this case 
one can put 0=1) 

• 7^ — )• 6^ 7^ 0; such a space is called expanding l-Ll-L-space 
In the present paper we deal with nonexpanding case. 

2.2 Nonexpanding hyper heavenly spaces. 

By reducing Einstein equations [U [12] one gets 0=1 and 

Q^^ = -e,,,^ + ^F(V) + ^ApV (2.8a) 
= d^^n^^ + ]-Ap^p^ (2.8b) 

o 



n"" = -0, . - -f^pV (2.9) 



where 

2 

3' 

where is an arbitrary function of only, and B is an arbitrary function of all variables 
called the key function. Einstein equations can be reduced to one equation called the 
nonexpanding hyperheavenly equation with A 

1 1 3P 

r + F^Q^, + -{F^PA)' + e,^,A + —p^p"" + A(p^e^, - e) = n^p^ + 7 (2.10) 



where 



r:=^Q^^gAB (2.11) 



Inserting the explicit form of T 
\ %APn%^p- + + (©P^ - I P"" %^v-) + ^ ^P^Pa? (2.12) 

where N"^ and 7 are arbitrary functions of g*" only (constant on each null string), and 
formalism read 



0^^ = = ^^,etc.. Explicit formulas for the connection 1-forms in spinorial 



Tu = (2.13) 

ri2 = -Id^QAse^ 



where (as a consequence of hyperheavenly equation, especially useful in many calcula- 
tions) 

g^g^^ = iV^- 1/^(2) (2.14) 

Decomposing the connection 1-forms according to 

^ AB = ABcb9^^ ^Ab = ~2^Abcd9'^^ (2.15) 
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we get 



ID 



^n2D ~ 





^122D ~ 


1 ^ 


^222D ~ 






= a/2 (9(^(5^)i) 



(2.16) 



The conformal curvature is given by 



A 



cm 



OF' 



(2.17) 



+ Zav' 



A 



where 



+ 2AAr, 



(2.18) 



2.3 Gauge freedom. 

The problem of coordinate gauge freedom in nonexpanding hyperheavenly spaces was 
considered in details in [H [71 [T21 123] • The form of metric (2.6) admits the coordinate 
gauge freedom 



V 



i'a^Ib) 



(2.19) 



A 



where are arbitrary functions of only. Denote 



D 



-1 B 





= A 


dq^ 


dp'- 


QpB 








Qq,A 




Qp,A 




9qA 


= A 


_i dq'^ 




= A-1 


dPA 






dq^ 


QpA 







(2.20) 



where A stands for the determinant of the matrix D : ^ 

A 



A := det 



9Ja 



1 



^AB^ 



(2.21) 



The functions Q^^ transform under (2.19) as follows 

VAB ^ 



Q' 



-1 A BqRS _^ {A dp_ 

R s ^ dq 



(2.22) 



R 



It is easy to see that the transformation (2.19) is equivalent to the spinorial transformation 
of the tetrad with 



B 



B 



A-2 /lA2 

Ai 

ID 



(2.23) 



where 



2h :-- 



-D 



-1 R 



1 ^ ^ dp'^ _ da^ 



(2.24) 



[If is a spinor quantity, it transforms according to formula 

By demanding, that the connection forms, curvature coefficient and the hyperheavenly 
equation has the same form in new coordinate frame, one can get the transformation 
formulas for the structural functions. Straightforward, but somewhat tedious calculations 
lead to 



AS 



dlnA 



dq'. 



A a' 



1 n-i A atR 



R 



dh 



dq' 



1 dF' 



IS 



A 



7 + 



dq^ 



1 

6' 



2 dq'3 
^ OF', 1 
1^ 



0-^ - Aha^ 



^ + F^H"" + -A^ a^a^ + —A^ {F'^a, 

QqiB 1 o 



AM 



where 



AB 



C 



D 



(A 



d 



X 



dq 



B) 



2, (A .9 In A 

-d\ ^ 

"b) 



3 c dq 



X Y 



jj Ajj B ^ '^C , ^ ^l'^^ 



dq'^dq'y 3 ^ 



AB 



3 3 



X Y 



(2.25a) 
(2.25b) 
(2.25c) 

(2.25d) 

(2.26) 



H"^ = H^{q^) and M = M{q^) are arbitrary functions of q^ only. 

(Formulas (2.25a), (2.25b), (2.25c), (2.25d) and (2.26) generalize the respective results of 
[T2| [H] on the case when A 7^ and they were presented in |20] and then in [23].) 



3 Conformal Killing symmetries. 

3.1 Conformal Killing equations and their integrability condi- 
tions in spinorial formalism. 

Define the spin-tensor g'^^B ^j^g relation g^^ = g/^^ e"". Hence, —^g°'^^gbAB ~ 
and —\g"'^^gacb ~ ^c^t)- "^^^ operators d^^ and V^"^ are spinorial equivalences of 
operators d"' and V", respectively, given by 

= g/^d^ V^^ = (3.1) 



In the basis ( |2.4[ ) 

= V2 {6t - 5^ 5^) = y/2 [g^, -5^] (3.2) 
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Killing vector has the form 

K = K''da = -iK^^d""^ = k^d^ - h^d^ (3.3) 
where we use the decomposition 

Kab = -v^ iS\ + 5\ h^) = -V2 [k^, h^] (3.4) 
Components of the Killing vector, K"^ and K^^ are related by the condition 

= -Ig"^"" K^^ ^ K^^ = g^^^K'^ (3.5) 
Conformal Killing equations with a conformal factor x read 

V(aKb)=X9ab (3.6) 

In spinorial form 

v/ir/ + VfK/ = -Ax eAce^^ (3.7) 
what is equivalent to the following equations 

Eac""^ = V(f ir^)^^ = (3.8a) 
E = V^^ir^^ + 8x = (3.8b) 
From (3.8a) and (3.8b) it follows that 

v/ir^^ = Iac +/^^ Eac -2x eAce^"" (3.9) 

with 



Iac := ^V(/ir^)^ l^^ := ^V^^^i^/) (3.10) 

In [16] the integrability conditions of (3.8a) and (3.8b) have been found. For the Einstein 
space (C^^c.£) = 0, i? = — 4A) these conditions consist of the following equations 

Lrs/ = V//sT + 2C + Gr^s Kt)^ + 2 G«(5 = (3.11a) 

Mabcd = K^j^V^'^Cabcd + AC\^Bc^D)N - AxCabcd = (3.11b) 

A^V^ = V/V/x - ^AX G^bG^^= (3.11c) 

^ab/ = C^^BcV A = (3.11d) 

for undotted Iab and Cabcd and the respective equations L^^^^, M^^fji) and i?^^^^ 
for dotted /^^ and C^^c-^). 

3.2 Final results. 

Explicit form of the conformal Killing equations and its integrability conditions, to- 
gether with the way of reduction the Killing equations to the one master equation are 
presented in section [6] Finally, we obtain: 
Spinors Iab 

lu = (3.12a) 
lu = 5^(F^ + Ap^) - 2X + ^ (3.12b) 

I,, = - 2 + 26^N^ - — (3.12c) 
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Components of the Killing vector read 



what gives the form of the Killing vector 

d 



K = 6' 



dq 



B 



B 95^ B 



d 



/ dp 



B 



Ten conformal Killing equations can be reduced to one master equation 



£.e = 2e(3x-— )+P 



where V is the third-order polynomial in pj^ 



1 OH A 



6 dq^dq^ 
Integrability conditions are 

|K = 



1 de, 



2dqi 



dq, 

d 



85 



N 



N 



dq 

dqA^ ' dq^ dq^ 



-3x 



dx 



QqA QqA 



dq^ dp 



N 



2 dq'^dq^ 3 dq^ 







f,%,)p^^ + \g^p^ + g 



where 
G^ : 



d / ■ df^ 

dq 



+26^ 



N 



de 



N 



dN"" 



dq^ 



- + 2N' 



d6^ 



de 



dq 

M 



N 



dq^ 
4xN^ 



77 + ^ 



dF 



N 



dq 



N 



,dF 



M 



dq^dq^ 



^ + F^— + e^- 

QqM QqM 



d 



dq 



M 



+2N 



d5. 



dq. 



G 



and Z is given by (2.18). 
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3.3 Transformation formulas. 



Under the gauge given by ( |2.19| ), ( |2.25a| ) - ( |2.25d| ) and ( |2.26| ), e*'^ C^^^ and ^ 
transform according to 



jM 



. . f)XfB . f) M 



d 



' ^^^^ ^K5'^) + 2/i5'^-2xa^ 



2/-r 

it 



D 



N 



R 



dq 



dq 



M 



dq 



M 



2 dq'^dq'T) 



N 



dq'R) 3 ^) 



A^^' = ^ + 2M 



9(5 



\dq^ 
1 925' 



- 3x + 5 



(9g 



N 



6 



a a a + \ - — + -F^e^ U a +C^a 



2 3 



(3.21a) 
(3.21b) 



(3.21c) 



(3.21d) 



In classification of the Kilhng vector, transformation formulas for spinorial divergences 



and 



will be useful 



05^ 



■iM 



85"^ e-M-^lnA 



M 



dq 



M 



a /M n M . ql 



dq 



M 



dq 



M 



2x - 2a^' 



<9x 



dq' 



JM 



(3.22a) 
(3.22b) 



4 Classification of the isometric and homothetic Killing 
vectors in nonexpanding hyperheavenly spaces. 

4.1 Criterion used in classification. 

Classification of the Killing symmetries that we propose, is based on the algebraic 
prope rties o f the components of the Killing vector, and e^^. If the 6^'^ 7^ 0, then 



from (3.22a) it follows, that 



85^ 
9qA 



can be always gauged away, bringing to gradient. 
The appropriate gauge transformation allows then to bring 5*^ to the form = 6^ 

with Z being some fixed index, 1 or 2. We always choose Z = 1, namely = . 
The second choice is completely analogous and does not lead to different results (since 
structure of the nonexpanding hyperheavenly space is invariant under the interchanging 
coordinates and g^). This case we call type HKl or IKl (homothetic Killing vector of 
the type 1 or isometric Killing vector of the type 1, respectively). After setting = 5^ 
we still have the coordinate gauge transformations: q'^ = q^ + f{q^)i g'^ = q''^{q^) with 
A = A(g^) = ^5- and / being the arbitrary function. 

Isometric symmetries with 6'^^ = have two subcases. Isometric type IK2a is char- 
acterized by 1^ 7^ 0. Using A, this divergence can be bring to the constant value. 



say 



1, (compare (3.22b)). Since in two dimensions each vector is proportional to 
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gradient, one can finally bring to the form = g^, = 0. In that case admissi- 
ble coordinate gauge transformations are: q'^ = f{q'^), q'^ = q''^{q^) with A = 1 and 
= f~^. But if from the very beginning = 0, without any loss of generality one 

can put e^^ = This case we call type IK2b. After that choice, we are left with 

g'i = g'^ = + const, A = A(g^O = ^■ 

nomothetic symmetries with d'^'^ = do not involve two different types. Nonzero xo 
allows always gauge away e*^. That is why this case we simply call type HK2. 

Gathering, we obtain the following types of the isometric and homothetic Killing vec- 
tors in nonexpanding hyperheavenly spaces 



Isometric Killing vectors 


Homothetic Killing vectors 


IKl 


IK2a 


IK2b 


HKl 


HK2 


e^ = 


5^ = 
ei = q\ e2 _ g 


5^ = 
e^ = (5f 


e^ = 


5^ = 
e^ = 



We do not use this way of classification in the case of the conformal symmetries. It 
seems that the way chosen in [I] is the best description of the conformal symmetries. 
Moreover, the only non-conformally flat space which admits conformal symmetries is a 
space of the type [N] ® [N]. There is no need to classify one algebraic type. 

The main aim of our considerations is to use coordinate gauge freedom and bring the 
master equation to the simplest possible form and then to solve it in order to obtain the 
form of the key function. The remain gauge freedom was used to simplify maximally the 
arbitrary structural functions F^^ and 7 appearing in the hyperheavenly equation. 
It is the main reason, why the form of the structural functions in the algebraic types 
[III,N] ® [any] are sometimes different of the standard form obtained in many other works 
devoted to the problem of the nonexpading hyperheavenly spaces [121 El 12] ■ 

4.2 Conformal Killing symmetries. 

Conformal Killing symmetries are allowed only when A = = (7*^^^ and C'^^cd J% ~ 
0, i.e. in the types [N, — ] ® [N, — ]. The [N] ® [N] case was completely solved in [1]. 



4.3 Homothetic Killing symmetries. 



We have here x 
immediately A 



Xo = con st and we assume, that Xo 7^ 0. From (3.18a) we get 
0. From (3.18f ) it follows that = = G. The integrability conditions 



(3.18b) and (3.18e) are automatically satisfied. Thus one obtains the following cases: 



4.3.1 Type HKl {K = d^, + 2xoP^9ps) 

The forms of Killing vector and the key function are given by 



Functions 


Killing vector 


Master equation 


The key function 


5^ = 5^, = = ^ = 




£kQ = 6x0© 


= e^^'^'^'T{x,y,q^) 



where x := e ^^""^^ and y := e and T is an arbitrary function of its variables. 

With this Killing vector the integrability conditions of the master equation immediately 
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give 



(4.1) 



where n"^ and g are arbitrary functions of their variable. The hyper heavenly equation 
takes the form 



TxxTyy T^y + 2xo {2Ty X Txy y Tyy^ F^^i 

if 2 2 \ 2 2 

-\-F \Tx ~^xTxx Txy j ~\~ F [Ty ~xTxy T^y Fyy 



2 1 fdF 



dF^ 2\ 2 i 
6 V dq^ ~ Ikf ^ j =n x-n y + g 

The remaining gauge freedom can be employed in particular algebraic types: 



[III] ® [any] 


[N] ® [any] 


Fi = 0, F2 = Fog2, Fq = const ^ 0, F^ = Aq ^Fq 


Fi = 0, F2 = Fo = const 


= 


= 0, = 


g = Q 


(? = 


= -Fo 


= 


C(l) = -F2 g V 


CW = 


li2 = -Fo q^ - 2xo 


/12 = — -Fo — 2xo 


I22 = -Fqp"^ 


/22 = -2N^ 



(4.2) 



(where Ao is a constant determinant (2.21) and n = n^q^) is an arbitrary function of 



4.3.2 Type HK2 {K = 2xoP^9ps) 

The forms of Killing vector and the key function are given by: 



Functions 


Killing vector 


Master equation 


The key function 


5^ = = = ^ = 


ir = 2xoP^9pB 


£kQ = 6x0© 


6 = (p2)3T(x,g^'0 



T is an arbitrary function of its variables and x := 

Integrability conditions of the master equation give N"^ = 7 = 0. Moreover, C*-^^ must be 
nonzero; in the other case we obtain automatically a heavenly space. The only allowed 
algebraic type is [III] (g) [any] in which the structural functions can be brought to the form 

[III] ® [any] 

Fi = Foq\ F2 = 0, Fq = const ^ 0, F^ = A.'Fo 
AT^ = , 7 = 



C(2) = -Fo,C« = F2gV 



h2 = -2xo , ^22 = 
The hyperheavenly equation become then 

- 4Tf - T^^, - 3T^i - x T,^. - ^Fog^ T,. + 1 (Fo q') ' - ^Fo x = 



(4.3) 
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4.4 Isometric Killing symmetries with A 7^ 0. 



Here we have X = 0. From fe.lSfl) it follows, that = = G. Equations JS.lSbl 
and (3.18e) reduce to the identities = 0. Nonzero A means, that C(3) 7^ and the only 
allowed types are [II, D] ® [any]. In both types can be gauged away what we assume 
to be done. 



4.4.1 Type IKl {K = d^i) 

The forms of Killing vector and the key function are presented by the table: 



Functions 


Killing vector 


Master equation 


The key function 


S^ = 5l,e^ = C^ = ^ = 


K = d^. 


£k& = 


e = e(g2,/'0 



With = the integrability conditions of the master equation give A^"^ = N^[q^) 
and 7 = 7(0'^). The hyperheavenly equation takes the form 



2 ^PAPii^p^v^ 



1 
3 



(4.4) 



The type [D] ® [any] condition, 2C(2)C(2) _ 3C(i)C(3) = is equivalent to = 0. It 
means, that for the type [D] (g) [any], F^ = implies A^"^ = 0. For the type [II] ® [any], 
A^"^ must be nonzero but there appear two different ways for further simplification: 



[D]® 


[any] 


[II] ® [any] 




= 


F^ = 




F^ = 




= 


ATi = 0, = No = const ^ 


Ar2 


= 0, A^i = A/'o = const 






K = ^o'No 




K = Ao'No 


7 = 


= 


7 = 




7 = 




-^A 


G(3) = -|A 




= -|A 




= 


= 




= 




= 


= 2ANop^ 




CW = -2ANop^ 


ll2 = 


-Ap2 


I12 = -Ap' 




I12 = -Ap' 


I22 '- 


= 


I22 = -2No 




/22 = 



4.4.2 Type IK2 



This type is not allowed in this case, since from (3.18c 



follows that e"^ = 0. Therefore, when A 7^ 0, there is no Ki 



) with 5"^ = it immediately 
ling vector of the type IK2. 



4.5 Isometric Killing symmetries with A = 0. 



As in the previous case, x = 0, G = = G, (3.18b) and (3.18e) reduce to the 



identities = 0. However, A = implies the types [III,N] [any]. 



4.5.1 Type IKl {K = d^i) 

The forms of Killing vector and the key function are given by: 
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Functions 


XT''!!' i 

Killing vector 


Master equation 


ine key lunction 




K = d^. 


£k<S> = 


= e{q\p^^) 



The integrability conditions of the master equation gives — F^[q'^), = N^[q^), 
7 = lio^)- Concrete algebraic types are characterized by: 



[III] [any] 


[N] [any] 


Fi = 0, = Foq\ 


F^ = 0, F2 = Fo = const 7^ 


= 


Fo = const 7^ 0, = A^^Fq 








= 0, A^i = A^o = const ^ 


ATi = 0, = Ar2(g2) 


7 = 


7 = 


7 = 


C(2) = -Fo 


c(2) = 


c(2) = 


C« = -F^gV 


= -2Fo7Vo 


C(i) = -2 ^ 


li2^-Foq^ 


ll2 — —Fq 


/l2 = 


I22 ^-Fqp^ 


^22 = 


^22 = -2A^^ 



4.5.2 Type IK2a (X = q^d^i) 

The forms of KiUing vector and the key function read: 



Functions 


Killing vector 


Master equation 


The key function 


= = e = 

ei = q\ e2 = q 


K = g^a^i 




e^T{q^y) 



The integrability conditions of the master equation allow to find the forms of the F^ 
and A^^. Concrete algebraic types are characterized by: 



[III] ® [any] 


[N] ® [any] 


F^ = Fo i F2 = 0, Fo = const ^ 0, F^ = /oFq 
Ar2 = 0, TVi = iVi(g*^) 
7 = 


F^ = ^ Fo = 
Ar2 = 0, TVi = 7Vi(g^) 
7 = 


C(2) = Fq 1 


C(2) = 
(7(1) = -2 ^ 


/l2 = 
^22 = ~1 


h2 = 
I22 — ~1 



fo is an arbitrary complex, gauge constant, which can be used in order to bring Fq 
to 1 if desired. The hyper heavenly equation takes the form 

- i J T^v + - {ff + NV = (4.6) 
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4.5.3 Type IK2b (K = d^i) 

The forms of Killing vector and the key function are: 



Functions 


Killing vector 


Master equation 


The key function 




K = d^, 


£kQ = 





Integrability conditions of the master equation gives C-^-* = 0, so the only allowed al- 
gebraic type is [N] ® [any]. Coordinate gauge freedom can be used to set: 



[N] ® [any] 



= 0, = 0, = N\q^^), 7 = 



C(2) = , 



I 
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, / 



22 







The hyperheavenly equation takes a very simple form 

ri„2 



(4.6) 



4.6 Examples of the nonexpanding hyperheavenly spaces ad- 
mitting Killing vector. Lorentzian real slices. 

Existence of the Killing vector of the form K = q^d^i (type IK2a) or = d^i (type 
IK2b) assures, that nonlinearities in hyperheavenly equation (2.12) disappear. In that 
cases hyperheavenly equation becomes linear differential equation and it can be easily 
solved. 



4.6.1 Type IK2a. 



The hyperheavenly equation reduces to the form (4.5) (if Fq = the algebraic type is 
[N] (g) [any]). Writing A^^ in the form 



2gi dq^ 



(4.7) 



with being the arbitrary function of the g^^, one can find the solution for T and finally, 

for e 

e=p'Siq^qW) - ~AFop'~p'mp' - 3p') + (p^f + r{q^') (4.8) 

12 q^ 2 

where S = S{q'^, q^p^p^) is an arbitrary function of its variables. Arbitrary function 
r = r{q'^^) can be gauged to by using the gauge function M - see the transformation 
formula (2.25d)). The only nonzero curvature coefficients read 

= i^o i (4.9) 
q^q^ 



dq^ 



p 



2 P 



C^'^ =2(p^S{q^q'py) 
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From (4.9) it follows, that the only allowed algebraic types are [III,N] (g) [N] 



ds^ = -2 ®dqj,-2( (p2 S)^i^i - ^-f'- + N]dqi®dq^ (4.10) 



p2 / p2 pi \ 

H — jdq2®dq2 + 2[ 2Fq -j 1: ]dqi® dq2 

gi s \ Q Q J * 



4.6.2 Type IK2b. 

Writing A^^ in the form A^^ 



dN 



J with = N(q^) we obtain the solution of Eq. 



(4.6) 



e = -Npy + A{p\q'')+r{q'^] 



(4.11) 



where A = A{p'^, q^) is an arbitrary function of its variables. (As before, arbitrary function 
r{q^^) can be gauged away). The metric has the form 



ds' 



-2 dp-^ ®dq^-2{N + Apipi) dq^ (g) dqi 



Since 



^(1) 



C'(^) = 2A 



(4.12) 
(4.13) 



dq^dq^ 

the space considered can be of types [N, — ] (g) [N, — ]. 

The Lorentzian real slices of the complex spacetime can exist only if there exists 
a coordinate frame such that Cabcd = C 



ABCDi 



where the overbar denotes complex 
conjugation (see [IH])- Here we have to assure that C''-^^ = C'*-^-' and surprisingly this 
condition can be easily investigated. Denoting 



p = V 

a ^2 



p 



C , (l^ =C, , q^ =u 



(4.14) 



N{q\q')^f{C,u) , A.^,^,{p\q')^f{Cu) 



we automatically obtain C^^^ = C^^\ Of course, Cabcd = Cabci) 

conditions which give the real spacetime with Lorentzian signature. However, in this 



particular case the metric (4.12) becomes 

ds'^ = 2 {dC (g) dC - du (g) dv) - 2 H{C, (, u) du ® du 



(4.15) 



with H{(,(^u) = f{C,u) + /(C) ^)) so (4.15) is the metric for the pp-wave solution with 



Einstein field equation assumed [21]. With (4.14) assumed the key function takes the 
form 



(4.16) 



In the hyperheavenly language, (4.16) is the key function for the pp-wave solution. 



It is worth-while to note, that the type IK2a does not have any Lorentzian real slice 
(compare with ^^). 



4.7 Null Killing Vector Fields. 



The Killing vector field is null when = K'^Ka = 2k^h . Using (3.13) one gets 



= 5ASsQ 



)SA 



2X0 P' 



dq. 



■Pn 



(4.17) 



There are two possibilities: 5^ = and 5^ 7^ 0, additionally we assume, that x = Xo 
const. 
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4.7.1 S^y^O 



Here we deal with types IKl and HKl. After using the gauge freedom to set 6=6^, 



e = C = = 7 = 0, the condition (4.17) gives = Q + 2xoP and, finally, solution for 
the key function 

e = I QpV + 2xop' + If'p^pV + Sip', q'^)p' + U{p\ q^) (4.18) 

with S = S{p', q'^^) and U = U{p^, q^^) being the arbitrary functions. Inserting this key 
function into master equation and its integrability conditions, and then into hyperheav- 
enly equation we obtain the polynomials in p^. Using remaining gauge freedom to set 
= = we easily find, that solution gives the space of the type [— ] ® [any], i.e., 
the heavenly space. Summing up: there is no null Killing vector fields with nonzero 6^ 
in nonexpanding hyperheavenly space of the type [II,D,III,N] ® [any]. 

4.7.2 6^ = 



When 5^ = 0, the condition (4.17) is automatically satisfied. Killing vector lies on 
null string and is null from definition. In that case we deal with the types HK2, IK2a 
and IK2b. IK2a and IK2b are solved completely in previous subsection. Hyperheavenly 



equation in the type HK2 reduces to the equation (4.3) and we are going to investigate 
this equation soon. 

5 Classification of the homothetic Killing vectors in 
heavenly spaces. 

5.1 General considerations. 

Isometric Killing vectors in heavenly spaces were considered and classified in details 
in [5]. Here we present the classification of the homothetic Killing vectors. 

The heavenly spaces can be easily obtained from the hyperheavenly spaces, by setting 
^(1) _ Q{2) ^ ^(3) _ 0. This gives 

A^?Ei^F^^^.?Ei^O (5.1) 

QgA QqA 

By using the gauge freedom in A and h the functions and A^^ can be gauged away. 
In order not to generate the nonzero F^ and A^"^ we have to keep A = Aq = const and 
h = Hq = const. Functi on 7 ca n be removed from considerations by using arbitrary gauge 



function (compare (2.25c)). After that steps the hyperheavenly equation reduces to 
the well-known, second heavenly equation [8] 

l^PAPn%^P^+%,,^=0 (5-2) 

In [Tj the problem of Killing vectors in heavenly spaces was generalized for the case of 



the most general conformal factor in (3.6). It has been proved, that x can be at most a 



linear function of the p^ coordinates and it has the form 

da 



oq^ 
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with a = a{q ) and Xi = Xiil ) being arbitrary functions of their variables. Since 
we are interested in homothetic symmetries it is enough to set Xi = Xo = const and 
a = ao = const. Moreover, it has been proved in [5] that ao can be put zero without any 
loss of generality. [It is essential for our considerations, because nonzero ao provides the 
factor with the first integral of the heavenly equation into the master equation. In that 
case analysis is much more difficult, see [U [3]]. Detailed analysis show, that with the 
choice ao = 0, X = Xo = const all formulas presented in section |4] can be used. Especially 
important for further considerations are integrability conditions of the master equation 



d5' 



const 



QqA QqA QqA 

with the transformation laws (compare ( |3.22a ) and (3.22b)): 



—Co = const 



6q = 6o 

e'o = Ao ^eo - 2ho {5o - 2xo 



(5.4) 



(5.5) 
(5.6) 



The most general type appears when both 6q and eo are non-zero. Note, that it 
involves 6o = 2xo (in the other way cq could be always gauged to zero). In that case it is 
convenient to use Ao and set eo = — 4xo- This case we call HHKI {heavenly homothetic 
KiUing vector of the type I). 

Second type, HHKII is characterized by 5o 7^ and eo = 0. Then 60 can be different 
from 2xo (in that case eo, if nonzero, can be always gauged away) or equal 2xo (because 
there always exists a possibility, that eo is equal zero from the very beginning). 

Third type, "HHKIII appears when 60 = = eo. There are two subcases: type 
T^HKIIIa, with ^ and type T^HKIIIb for which 5^ = 0. 

Remaining gauge freedom allows us to put = -S^ and f = 0, and brings 5^ and e^ 
to the most plausible form. Gathering, we obtain the following types of the homothetic 
Killing vectors in heavenly spaces 



HHKI 


7/HKII 


HHKIIIa 


HHKIIIb 


60 ^ 0, 5o = 2X0 
eo 7^ 0, eo = -4xo 


So 7^0 
€0 = 


So = 
eo = 
5^^0 


So = 
eo = 
6^ = 


S^ = 2xoq\S^ = 
e^ = 2xog^ 
= ^ = 


6^ = 6oq\ 6^ = 
e^ = 
= ^ = 


6^ = 6f 
e^ = 
= e = 


6^ = 
e^ = 
= ^ = 




^ = W^ 
-5oP^^ + 2xo/^ 


ir=X + 2xo/^ 


K = 2Xo/^ 


£kQ = 2xoe 


= (6x0 - 2(5o)0 


£kQ = 6x0© 


£kQ = 6x0© 


e = q^T{q^,x,y) 
X := ^ — \n q^ 
1/ := - Ing^ 


e = (gi) ^0 T{q\x,y) 

i / 

X := p [q ) ''o 

y ■= p [q ) '0 


e = e6^«'?'r(gV,y) 
X :=pi e-^^o"' 

y :=p2g-2xogi 


= {pyT{q^^,x) 
X ■= ^ 

p2 
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After some calculations we can find the reduced forms of the heavenly equation for above 
types to be 



Type nUKI 

TxxTyy - Tly + [Ty -Tyy-{l + x-y) T^y) - {q^f T^^^ = 
Type T^HKII 

T T - t2 ^ ~ T - tT - ~ o,T _ T • - n 

-'-XX-'- vv -'■ 1-1/ ~r -t y ^ •^-'-xy ^ it yy xq^ 



5o 



5o 



-xx-Lyy -^xy ^ r 

Co 

Type nUKlUsL 

T^^Tyy - Tly + 2x0 (2Ty ~xT^y~y Tyy) - T^g2 = 

Type HHKIIIb 



(5.7) 

(5.8) 

(5.9) 
(5.10) 



We are going to investigate (5.7) - (5.10) soon. 



6 Appendix. 

6.1 Explicit form of the conformal Killing equations and their 

integrability conditions in nonexpanding hyperheavenly spaces 
with A. 



Equations (3.8a) - (3.8b) together with their integrability conditions (3.11a) - (3. lid) 
form our problem to be solved. Using the formula for the spinorial covariant derivative 



^ MN^ CD 



^MN^ CD^ ^ SMN ^ CD 
,AS 



^ SMN CD DMN CS 



. ^^^^ 

CMN SD 

,AB 



(6.1) 



then the decomposition (2.15) and the formulae (3.2) and (3.4), after some work one 
obtains the system of equations: 
Conformal Killing equations 



E. 



AB 



22 



dq 



B) 



AB 



2 5(^/1^) + 2 g^g^(^A;^) - 2 h^dsQ 
Ax - d'^kj^j + d^'h^ - ks dj^Q^^ = 



(6.2a) 
(6.2b) 

(6.2c) 
(6.2d) 



then 



/n = d^k 



N 



2/i2 = d^W' +Q^k'' +k^dsQ 
h2 = ^Nh'' + kj,^sQ''^ 



SN 



(6.3) 
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Integrability conditions L^^gjA 
1 

1 

1 

"71 
1 

"71 
1 

"71 
1 

"71 

Integrability conditions Mabcd 



-^111 


= = 




^112 


= d^{li2 + x) + A:^A = 




T ^ 

^122 


= 9^/22-C(2)A;^ + 2S^X = 




T ^ 

Z i 1 


-L J- -L J- J /V, 




T ^ 


^SHh2-x) + hi3sQ'^-h^^- 


- k^C^^^ = 


J ^ 
^222 


= d%2 - 122 dsQ^^ + 2 /12 s^g^^ 





Integrability conditions A^^^ 



AB 



(6.4) 



Mnii = (6.5) 

Mn22 = /ijv^'^C^^'^ - k^S'^C^'^ - 2xC(3) - C^^) 9^A;^ = 
M1222 = V ^^^^7(2) - A;^ + [ - 2x - /12 + fc^ dsQ^""] 

M2222 = /^^ - g^c(i) - 2C(2) [2 k^ s^g^^ - /22] 



AT,/^ = 2 9(^5^)x = (6.6) 

iV2/^ - 2 + hx e^^ +2 dsx ■ d^Q'^ + 2 Q^' d,d\ = 

AT^/^ ^ 2 S^S^x + 2d\- dsQ'^ -2d'x- dsQ^^ = 
Integrability conditions Rabc^ 

= (6.7) 
i?n2^-^C7(3)9^;, = 



6.2 Reduction of the Killing conformal equations to one master 
equation. 

In the case of hyperheavenly spaces with A = such a reduction was done in [2] . In 
our work [T] the existence of nonzero cosmological constant has been considered and a 
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nonconstant, conformal factor x has appeared. However, considerations in [T] are divided 
into three subcases. Here we present some different approach in which KiUing equations 
in hyperheavenly spaces of the types [II,D,III,N] ® [any] are being reduced simultaneously. 
This way is much more elegant then that presented in jpj . The only assumption is that 
|C*^'^^| + |C*^^^| + |C^^^| 7^ 0, i.e., heavenly spaces are excluded from our considerations. 
That case was solved by Plebahski and Finley in [TU] and generalized in [T]. Its spinorial 
version together with classification of the Killing vectors was presented in 

With + + ^ assumed, from the conditions Rabc"^ it follows that 

d^X = O5 so conformal factor can be at most a function of q^^ only, x = xil^)- From 
the Mabcd equations it follows that S^/cjy — 0; from E^/^^ we find that d^^k^^ = so 
/c^ = and, finally In = 0. Putting this into N2i'^^ and -R222'^ we get 

AX = , C^'^§^ = (6-8) 

Denoting 

X- := - 5sQ'' + ^^Ps (6.9) 

one can rewrite the equation -^12"^^ in the form d^^X^^ = 0. Hence, = X p^ — 
with X = X{q^) and = e^{q^^). Inserting - 5gQ^^ taken from (6.9) into the 
(6. 2d) one obtains X 

95^ 



A- ^--2, («0) 



and, finally, reads 



dq^ 



The next step is to calculate /12 from the definition (6.3) 

/i2 = 5^(F^ + Ap^)-2x+— (6.12) 

With this form of I12 we easily find, that 1^112'^ is automatically satisfied but I>2i2'^ gives 
the integrability condition 

Analogously, investigating the definition of /22 we get 

QqN^ ^ dq^ ^ ^ 

Inserting this Z22 into the L^22^ we get an identity, but ^^222^ leads to the equation 

dq^ "^""^ "^""ydq^dq^ 3 dq,^ J 2 ^ ^ 



AB 



with G given by (3.19). It is easy to note that (6.15) is just a first integral of A^22 
and in the case of conformal Killing symmetries it gives some strong constraint on the 
key function B. 
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Two useful equations follow from the integrability condition M2222 which appears to 
be linear in p^. That equations read 



~dq^ 



dq, 



+ F,G^ 



dq^ 



^ ^ +Z^— + 6^— = (6.16) 

= (6.17) 



with defined by (2.18). 



Eq. ( |6.17[ ) is especially interesting. It plays role only in the ca se of conformal symme- 



tries (observe that if conformal factor is constant then from (|6.15) it follows that G = 0). 



AB 



Using hyperheavenly equation, (6.15) and the first derivative of (6.15) one can show that 
it is identically satisfied. However, (6.17) does not contain the key function and can 
be treated as a compatibility condition for hyperheavenly equation and (6.15). 

Next step is to integrate the last triplet of the Killing equations, i.e., the E, 
equation. After some obvious cancelations, one can get 



22 



(6.18) 



Inserting Q given by (2.8b) after some algebraic work one can bring -E22 equation 
to the form 



^22^^ = = 



where 



^ dqA dq^ dq^ 



(6.19) 
(6.20) 



+ 



d 



dq^i dq 



N 



1 



■PnPm 



Q2^N 1 Q2^A 

+ 



dq^dq^ 2 dq^dq^ 



From (6.19) it follows that 



S = S(g*0 , C^ = C\q'') (6.21) 

The next step is to use ( 2.9[ ) and put it into (6.20). Mos t of the factors in (6.20) can be 
rearranged into the form {...). Using (6.21) and (6.20) we get 



i:A'e + 2e 3x- 



85 



N 



1 dH 



2xN 



N 



Calculating 9^(6.22) one can find S 



dq^ 

V 

dq^ 

_ I de^ 
2 dq^ 



6 dq^dqs 



PnPmPs 



(6.22) 



(6.23) 



Killing equations and bring (6.22) into the form 



With S given by (|6.23|) we can finalize the process of reduction of the third triplet of the 

(6.24) 



- £kQ + 2Q(3x- 



85 



N 



dq 



N 



+ v 







with V defined by (3.17). In that way we obtain the master equation (3.16). 

Additionally, one can investigate 9^9"^ (master equation). After very laborious cal- 
culations we find that it is simply integral of the (6.15) and it leads to the condition 
(|3l8f|). 
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7 Concluding remarks 



In this paper we end the theoretical considerations on the Kilhng symmetries in non- 
expanding "HT^-spaces with A. Results from |1] and [2] have been gathered in a compact 
form. Classification of these symmetries is the original part of the theory of the non- 
expanding hyperheavenly spaces. Reduction of the ten Killing equations to one master 
equation has been done under the assumption, that Cabcd 7^ 0. However, the final re- 
sults can be quickly carry over to the case of the isometric and homothetic symmetries in 
heavenly spaces {Cabcd = 0). This allows us to classify homothetic Killing symmetries 
in heavenly spaces. Only the conformal Killing symmetries in heavenly spaces are outside 
the scope of this paper but they have been considered in [1] . 

Isometric symmetries in heavenly spaces leads to the five different types of the heavenly 
spaces. Four of them were completely solved, in the fifth case heavenly equation was 
reduced to the new distinguished equation called the Boyer-Finley-Plebahski equation 

This case is characterized by and in heavenly space with second heavenly equation 
this spinorial divergence cannot be gauged away. In hyperheavenly spaces the gauge 
freedom seems to be wider than the one in heavenly spaces. Finally, can be always 



gauged away (compare (3.22a)). This is the main reason, why there is no hyperheavenly 
equivalent of the Boyer-Finley-Plebahski equation. 

An interesting part of our work consists of presenting the solution of the hyperheavenly 
space admitting isometric Killing vector of the type IK2b. It appeared to be a complex 
pp-wave. In this case we have been able to find the Lorentzian real slice in a very easy 
way. Using the results of [IS], especially condition Cabcd = C'abci) substituting 



(4.14) we immediately find the real metric with Lorentzian signature describing the real 



pp-wave (4.15). Important question arises: does the condition Cabcd = C^^^jjj can be 
used in easy way in the more complicated problems, for example, complex metrics of the 
expanding type [N] ® [N] found in [3]? 

Finally, the results presented in this paper can be used to describe the symmetries 
of Einstein - Walker spaces. All Einstein - Walker spaces have been found in |22]. It is 
enough to take the metrics from |2^ and substituting them into the master equation and 
its integrability conditions. Solutions of these equations give the Einstein - Walker space 
with additional. Killing symmetry. Can Einstein - Walker spaces with Killing symmetry 
can be classified according to the type of the Killing vector? We are going to answer this 
question soon. 

This paper is the third part of the work devoted to the Killing symmetries in TiT-L- 
spaces. In the last part we will deal with the conformal symmetries in heavenly spaces 
with A. Nonzero A change the structure of the self-dual (anti-self-dual) heavenly spaces - 
there is no nonexpanding congruences of anti-self-dual (self-dual) null strings. One must 
use the expanding hyperheavenly equation with the condition Cabcd = 0. Does the 
(conformal) Killing equations can be reduced to one master equation in this case? 
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